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D. E. Newland* This paper is a theoretical study of the whirling of a cantilever elastic shaft subjected to external pressure. The whirling speeds are shown to depend on the variation of pressure and area along the shaft and the lowest whirling speed is solved approximately by an energy method for a number of cases. When the external pressure is high enough, its effect may be important and the whirling speed may be raised or lowered, depending on the pressure distribution.
I N T R O D U C T I O N
THIS PAPER Is ABOUT the effect of external pressure on the vibration of a rotating cantilever shaft. The problem was raised by Fenner and Williams (~) t in a study of the design of plastics extruders and is as follows. Consider an initially straight circular shaft of length I and variable cross-sectional area A(x), built into a rigid support at its left-hand end and free at its right-hand end ( Fig. 1) . Neglect gravity and assume that the strut is subjected to a varying pressure field p ( x ) with surfaces of constant pressure perpendicular to the x-axis. It is required to know how the external pressure field affects the critical speed of the shaft for the onset of whirling.
Although this question was first raised in (I), it is studied here as a specific problem in the theory of elastic stability. Apparently, the effect of external pressure on the whirling of an elastic shaft has not been treated in the literature previously, and some interesting results emerge. Although these are believed to be relevant to the extruder problem, it must be made clear that this study is not an analysis of the complex mechanical processes of shaftbarrel interaction inside a plastics extruder. Many additional effects arise there, for instance viscous forces in the molten plastic, the torque carried by the shaft, and the nonlinear restraint of the barrel, none of which is included in this idealized study. Nevertheless, the author hopes that the following theoretical calculations of the effect of pressure on the whirling of an elastic rotating shaft will still be of interest. Ring cross-sectional area (Fig. 7) .
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BUCKLING O F A NON-ROTATING S H A F T
It will be assumed that the shaft is a 'slender member' and that its deflection equation is that for an Euler beam for which d2Y
where M is the applied bending moment at section x and d2y/dx2 is the (approximate) curvature of the deflected beam. External pressure will cause the shaft to buckle statically if the bending moment at section x from the external pressure exceeds the restraining elastic moment M in the shaft. It may not be immediately clear whether this can happen or not. For instance, consider two comparable situations (Figs 2a and b) . In Fig. 2a a cantilever shaft is subjected to uniform negative pressure (i.e. a vacuum). In Fig. 2b a simply supported shaft is subjected to the same negative pressure over its area inside the supporting walls. The cantilever is always stable and will never buckle however high the hydrostatic tension. The simply supported shaft is potentially unstable and, if p is the applied tension per unit area, it will buckle when If now both shafts are subjected to a uniform positive pressure, neither is unstable, however high the pressure. This behaviour may be explained by the following heuristic argument.
From the theory of hydrostatics, if a fluid is in hydrostatic equilibrium, then the pressure forces acting over any closed surface in the fluid will be in static equilibrium with the body forces acting on the fluid within the volume. The resultant moment of these forces about any point must therefore be zero. If the real shaft can be replaced by a fluid shaft which would be in hydrostatic equilibrium, then there can be no bending moment acting on the deflected shaft and, hence, there will be no possibility of buckling. If, however, the external force system acting on the shaft is not one for which a fluid shaft would be in hydrostatic equilibrium, then there will in general be a resultant bending moment about any section of the deflected shaft, and if this acts to increase the deflection further, buckling is a possibility.
Consider the cantilever shaft (Fig. 2a) . If a uniform pressure is applied, it is clear that a fluid shaft will always be in equilibrium. Even when the shaft is deflected, it may still be replaced by a fluid shaft which will remain in hydrostatic equilibrium. Hence, the external forces do not cause a bending moment in the deflected shaft and there is never a buckling problem. However, in the case of the simply supported shaft of Fig. 2b , a fluid shaft would not be in equilibrium. Consider the length of 'fluid shaft' between the supports, as shown shaded in Fig. 3a . It would be sucked in or squeezed out through the supporting walls. To maintain equilibrium, additional stresses must be ' applied to the cut ends of the shaft at each end. When the applied stress is a tension stress, tension forces pA must be applied to each end of the fluid shaft as shown. If the shaft then deflects under this force system, there will be no resultant bending moment at any section of the shaft because it is in a state of hydrostatic equilibrium. However, since the external axial tension forces pA are not applied to the shaft, a fluid shaft would not be in hydrostatic equilibrium. The difference from a hydrostatic force system is an axial compressive force pA (Fig. 3b) , which does exert a resultant bending moment about any section of the deflected shaft, and leads to buckling when pA reaches the critical value given by equation (2).
These conclusions confirm the results given by Peterson (3) for the buckling of a shaft of constant crosssectional area subjected to an axial load in the presence of uniform hydrostatic pressure. However, the above argument is useful because it applies also to the case when the external pressure is no longer uniform. Consider the cantilever of Fig. 1 , subjected to a varying pressure field p(x). A fluid shaft would not now be in hydrostatic equilibrium. An additional axial body force A(dp/dx) dx must be applied to every section of length dx, acting to the right, to maintain hydrostatic equilibrium. The actual force system differs from that required to maintain hydrostatic equilibrium by A(dp/dx) dx acting to the left. The bending moment at section x of the real shaft when it is deflected WHIRLING OF A CANTILEVER ELASTIC SHAFT SUBJECTED T O EXTERNAL PRESSURE Fig. 4 is therefore that produced by forces A(dp/dx) dx acting to the left on every section of length dx (Fig. 4) . Integrating from section x to the end of the shaft, the resultant bending moment at x from the external pressure is wherey is the deflection at section x and 7 is the deflection at section 6, and this may cause buckling if it exceeds the elastic restoring moment in the shaft.
It will be clear from this discussion that the body forces A(dp/dx) dx shown in Fig. 4 do not exist in the real situation, in which there are no body forces. The forces shown in Fig. 4 are therefore effective body forces which give the same bending moment in the deflected shaft as the actual external surface forces give. I n Appendix 1 this equivalence is verified mathematically.
If EZ(x) is the bending stiffness of the shaft about a diameter at section x, the differential equation for the shaft's deflection is, from equation (I),
The exact solution of this equation is the exact solution of the static buckling problem. Unfortunately, a general mathematical solution of equation (4) has not been found, and the only exact solution known to the author is for the case when the cross-sectional area and bending stiffness of the shaft are constant and when the pressure varies linearly from zero at the wall to p , (say) at the free end.
In this case and equation (4) becomes which is the equation for the buckling of a flagpole under its own weight (2). It is shown in (2) that, after differentiating equation (6) and changing the variable, Bessel's equation is obtained and an exact numerical solution can be found. By comparison with the flagpole case, the lowest buckling pressure can be shown to be given by EI Ap0 = 7.84-. . .
-(7)
This may be compared with the result for the buckling of a cantilever shaft subjected to a single end load poA which is 2 EI EI 12 4 12 -2.47-. . . (8) Ap, = ---It is clear that the distribution of pressure along the shaft affects buckling by a large amount. The assumption made in (I) that equation (8) applies to the extruder problem may not therefore be numerically accurate, depending on the pressure distribution inside the extruder.
ENERGY INTEGRALS
Although an exact solution cannot be found for the general case when the shaft is rotating and the applied pressure and cross-sectional area vary along its length, an accurate approximate solution can be obtained by an energy method, as described in (2) or, in the form used here, in (4). This involves calculating the energy of the shaft in terms of an assumed deflection curve which is unknown but which can be approximated without serious loss of accuracy.
Suppose first that the non-rotating shaft is undergoing a transverse vibration about its undeflected axis of symmetry. The difference between the maximum strain energy of the shaft U (when its deflection is a maximum) and the maximum kinetic energy T (when its deflection is zero) must be the work done on the shaft W by the external pressure forces as the shaft deforms from zero deflection to maximum deflection during the vibration.
Let the shaft vibrate at angular frequency w so that y =y(x) sin w t . . . . (9) and, hence
The maximum kinetic energy of the shaft is then j =y(x)w cos w t . . . (10)
where p is the density of the shaft, which may be a function of x if necessary. The strain energy of the fully deflected shaft is, from (4, U = -
where, unless otherwise indicated, y means y(x), the maximum deflection of the shaft. Finally, the work done by the external pressure forces can be calculated from first principles (see Appendix 1) or determined by extending the argument of the previous section. The effective body force A(dp/dx) dx shown in Fig. 4 may be considered to do work, because, as the shaft deflects, its point of application moves a small distance in the direction of the force. From (4), this axial displacement of the section at x is
and so the work done by the axial force A(dp/dx) dx is Equations (18) and (23) are equivalent exact expressions for the natural frequency of vibration of a cantilever elastic shaft subjected to external pressure. If the correct deflection curve y(x) were substituted into equations (18) and (23), the same exact result for the natural frequency would be obtained.
WHIRLING CALCULATIONS
So far only non-rotating shafts have been considered. However, from the theory of whirling, a rotating shaft is likely to run unsteadily when its speed of angular rotation Q is close to the natural frequency of free lateral vibrations w. It is assumed that gyroscopic effects are negligible for a shaft of small diameter-to-length ratio. If the shaft is unrestrained (except by its own stiffness) synchronous whirl at shaft speed will occur when Q = w. Consider how the (lowest) whirling speed Q is affected by the external pressure field.
Shafts of constant cross-sectional area
In this case dA/dx = 0, so that equation (23) gives where A = A. is the constant area of the shaft. If the correct deflection curve y ( x ) were substituted into equation (24), then the exact value of the critical speed would be obtained. However, since the deflection y(x) is not known exactly (even for the buckling flagpole problem it is a complicated power series) an approximation for y(x) must be used. The flagpole problem is solved approximately in (2) and (4) by using the relation y = s ( l -c o s~) . . - (25) and, by comparison with the known exact solution, it is shown that good accuracy is obtained with this simple relation, which is therefore also adopted here. (A further comment on the accuracy of this approximation is given in Appendix 2.)
Substituting equation (25) into equation (24) and integrating gives . . * (26) which relates the whirling speed Q to (po-p) for a shaft of constant area A. po is the pressure at the free end of the shaft, p is the pressure at section x, EI is the bending stiffness, p is the density and 1 is the length of the shaft. 
-(28)
The approximate critical speed is thus about 4 per cent too high.
Case 2. No rotation, constant pressure gradient This is the flagpole problem. Equation (26) predicts that static buckling will occur when T X n2EI A s' (p, -p) sin2 22. dx = -81 - (29) because then the whirling speed is zero.
For constant pressure gradient, 412 ' as it should be. The result is exact because the assumed deflection curve (equation (25)) happens to be the exact deflection curve for an end-loaded cantilever.
Po-P =Po (I-;)
Numerically, for a steel shaft 6 m long and 0.2 m diameter, the critical speed when po = 3.5 x lo7 N/m2 (5000 lb/in2) and l0/1 = 1/6 is about 92 rev/min. This compares with a critical speed of 245 rev/min when there is no external pressure. Fig. 6 This is approximately the pressure distribution that would occur in a feed-controlled extruder, and is assumed to be represented by the relation
Case 4. Pressure distribution shown in
X T X p(x) = p o z + p , sin- . . . (37) 1 L I 1 1
An important conclusion from equation (38) is that, if
p , is large enough, the negative pressure gradient at the free end of the shaft stabilizes the system. When the whirling speed is independent of pressure, and for p , > 0.47p0 it is higher than for the case when there is no applied pressure. Numerically, for the same shaft described above, if p , = po = 3.5 x lo7 N/m2 (5000 lb/in2) so that the maximum pressure is about 5 . 4~ lo7 N/m2 (7750 lb/in2) occurring at distance 0.41 from the free end, the critical speed is 285 rev/min.
Shafts of variable cross-sectional area
In this case the whirling speed 9 can be obtained from equation (18) which, after substituting equation (25), becomes
The three integrals in equation (40) may not now be evaluated until the dependence of EI, A, p and p on x have all been specified.
Case 5. Shaft with many equally spaced rings subjected to the pressure distribution shown in Fig. 7 Consider a shaft of area A with equally spaced rings of larger diameter, area Ao. Suppose that the pressure is constant between the rings but increases linearly across the width of the ring, s. Suppose also that each ring is small in width and volume compared with the intervening lengths of shaft. In this case the rings contribute little to the stiffness and weight of the composite shaft so that the integrals 1: EI (g)' dx and pAy2 dx 1 :
-3
Fig. 6
Journal Mechanical Engineering Science The contribution of one ring, distance II from the built-in end, to this integral is when s -+ 0. The integral I is made up of n such terms so that
Summing the two series in equation (43) gives which, when there are many rings so that n-+ 03, simplifies to
Hence, substituting these results into equation (40), the whirling speed for the system shown in Fig. 7 is given by
2) ]
.
. (46) n2EI The critical speed will be zero when which is in agreement with the flagpole, case 2, except that the total cross-sectional area of the rings A, replaces the shaft area A in equation (31).
CONCLUSION
The purpose of these calculations has been to determine theoretically the effect of external pressure on the whirling of a cantilever elastic shaft of variable area. An exact energy equation (18) has been obtained for the natural frequency of transverse (bending) vibrations in the presence of an external pressure field. It is clear from this equation that it is the distribution of pressure along the shaft, rather than the pressure at the free end, which affects the shaft stability. Equation (23) is a completely equivalent alternative form of equation (18) . Whirling is assumed to occur when the rotational speed of the shaft coincides with the natural frequency of free lateral vibrations of the non-rotating shaft. Approximate values of the whirling speed can be obtained by substituting an approximate assumed deflection curve into either of the energy equations (18) or (23), and it has been shown that numerical values within about 5 per cent of the exact values may be expected for the lowest whirling speed.
Since the problem was raised by a paper on the design of plastics extruders, it is of interest to record that some larger extruding machines apparently operate at speeds near or above their lowest whirling speed. Although therestraint of the barrel, the torque transmitted by the screw and viscous forces in the molten plastic make the extruder problem very much more complicated than the simplified theoretical problem considered here, the significance of this conclusion appears to merit further investigation. Shaft and barrel wear and fatigue of the hardened surfaces of the screw flights are becoming increasingly serious problems with large extruders, and a satisfactory explanation of their mechanical behaviour is urgently needed.
APPENDIX I
A more rigorous proof of equation (15) 
--
By the divergence theorem this may be written dW dt
. (49) and, since
Provided that there is no bulk dilatation of the shaft as it buckles, and equation (51) Substituting equations (54) and (57) which confirms equation (1 5).
This result may also be derived by a number of alternative methods, of which the simplest is believed to be the following.
When the shaft deforms to its deflected state, section x is displaced distance X = S in the -x direction. The external pressure force p (2) -dx arising at x from the change of area therefore does work X = 5 on the system. The end force poAo also moves distance f (2) dx and so does work on the system. Also, since plane sections of the shaft rotate as they are deflected, the area of a section of the shaft at co-ordinate x increases, as shown in Fig. 9 . Since the angle of rotation (in the x-y plane) is dyldx, the new area at x (perpendicular to the x-axis) is A cos (2) which, for small dyldx, is
The increase in volume of slice dx of the shaft is therefore The total work done on the shaft is w = w,+w,-w, which correctly verifies equation (15) in its integrated form, equation (22).
In conclusion, it should be added that the whole analysis is strictly only accurate for the small deflection of slender members. If the shaft is not slender, simple beam theory becomes inaccurate, the kinetic energy calculation should allow for the angular rotation of each section about its diameter, gyroscopic forces affect whirling, and the calculation of external pressure forces requires amendment to allow for the changing section of the shaft. In any fixed plane perpendicular to the undeff ected x-axis, the section of the shaft changes due to its rotation (about a diameter) and axial movement. It is therefore necessary that the shaft radius r < 1, that the maximum shaft deflection 8 -g 1, and, in case 5, for the thickness of the rings s to be large in relation to their maximum axial movement when the shaft deflects. In making an approximate calculation of strain energy, using an assumed deflection curvey(x), it is more accurate to use equation (66) (12)). However, it is whether such high
